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Integral Equations for Radiative Transfer with
Linear Anisotropic Scattering and Fresnel Boundaries

Chih-Yang Wu*
National Cheng Kung University, Tainan, Taiwan, Republic of China

Transformation of the integro-differential transport equation in terms of radiation intensity to integral equations
in terms of moments of the radiation intensity reduces the computational labor because the former depends on position
and direction and the latter depends on position only. Our analysis deals with two cases for which the scattering is
linearly anisotropic. One involves radiative transfer in an arbitrary three-dimensional medium with a given inward
boundary intensity and the other involves radiative transfer in a three-dimensional rectangular medium with Fresnel
boundaries and the top surface exposed to normal incidence. Because the inward boundary intensity is unknown in
the second case, an image technique is used to generate integral equations similar to those obtained in the first case.
Numerical results for specific examples are given. Comparing the results for a slab with nonreflecting boundaries with
existing exact solutions shows that our analysis works quite well.

Nomenclature

= expansion coefficient in phase function
= area
= moment of the boundary intensity
= intensity
= blackbody intensity
= collimated incident intensity
= unit vector
= moment of the medium intensity
= refractive index
= unit normal vector
= number denoting the process of reflection (see
Fig. 3)
= phase function
= position vector
= path length
= source function
= temperature
= volume
4 = coordinate
= extinction coefficient
= distance
= polar angle
= critical angle
= absorption coeflicient
= cosf
= reflectivity
= normal reflectivity
= summation
= scattering coefficient
7, = optical coordinates
= azimuthal angle
= scattering albedo
= solid angle
= unit vector along the path of a ray
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Subscripts
i = incidence
£ ,m,n = integration involving (r — ") - i, (r —¢’) * j, and

(r —r") * k, respectively
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p = quantity in the pth image
X,9,2 = x,y,z components, respectively
Introduction

ADIATIVE transfer in anisotropically scattering media

has been of interest for a long time."? The transport equa-
tion governing radiative transfer in a scattering medium is an
integro-differential equation in terms of a radiation intensity.
For the physical situation involving reflection at the bound-
aries, this equation is subject to boundary conditions in which
the radiation intensity is unknown. The direct solution of this
intensity formulation is extremely laborious, especially for
multidimensional cases. Because the source function for the
radiative transfer in isotropically scattering media is a function
of spatial variables only, many authors*’ developed the inte-
gral equation of the source function to reduce the labor of
computation. But, for the radiative transfer in anisotropically
scattering media, the source function, as well as the radiation
intensity, depends not only on position but also on direction;
thus, formulating problems in terms of the source function is
not especially advantageous. To circumvent this difficulty,
Hunt® developed a technique to reduce the integro-differential
transport equation to a set of integral equations in terms of
moments of intensity. Since the moments of intensity are the
functions of position only, Hunt’s technique is superior to oth-
ers. However, Hunt® derived integral formulation only for a
specific problem with rectangular geometry and nonreflecting
boundaries. Therefore, in the first part of the present analysis,
Hunt’s technique is simplified by the application of vector
notation and is extended to derive the exact integral equations
for the radiative transfer in an arbitrary three-dimensional
medium with given inward boundary intensity.

In most published analyses for the multidimensional radia-
tive transfer in anisotropically scattering media, reflecting
boundaries have not been accounted for. However, in many
instances, the problem of interest will include the effects of
partially reflecting boundaries. Therefore, in the second part of
the present analysis, the effects of Fresnel boundaries whose
reflectivities are directionally dependent are taken into account
for a three-dimensional rectangular geometry. Because the in-
ward intensity of radiation at Fresnel boundaries is not given,
the image technique developed by Wu, Sutton, and Love® for
the radiative transfer in isotropically scattering media is
adapted for the present anisotropically scattering case. The
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results of the second part show that the number of the integral
equations or their unknowns does not change. That is, the
image technique is still valid for the radiative transfer in an-
isotropically scattering media with Fresnel boundaries. Be-
cause only one-dimensional cases for anisotropic scattering
have analytical exact solutions,” numerical computations are
performed for those cases to give an initial evaluation of the
present formulation.

For simplicity, the linearly anisotropic scattering case is con-
sidered here. The ideas presented here should still be applicable
for more realistic anisotropic scattering.

Analysis

Integral Equations for General Three-Dimensional Medium

The basic assumptions about the system in which the radia-
tive transfer takes place are: 1) the medium is emitting, ab-
sorbing, and anisotropically scattering; 2) the medium is in
local thermodynamic equilibrium; 3) steady state is achieved;
4) the medium is homogeneous; 5) the scattered radiation has
the same frequency as the incident radiation; 6) the geometrical
dimension of the medium is much greater than one wavelength;
and 7) the radiation intensity leaving the boundary is given.
The subscript that denotes the spectrally dependent properties
of the medium and the boundaries is omitted to simplify the
mathematical expressions. The equation of radiative transfer
may be expressed as

1 dK(s,Q)
B ds

+1(5,9) = S(s.Q) (1)

where I is the radiation intensity, § the extinction coefficient
defined as the sum of the scattering coefficient ¢ and the ab-
sorption coefficient k, Q the direction determined by the polar
angle 0 and the azimuthal angle ¢, s an arbitrary path from the
boundary to a location in the medium for a general three-
dimensional medium shown in Fig. 1, and S the source func-
tion defined by

S(,9) = (1 — @)L T(s)] + 4% L P, Q)I(s,) dQY  (2)

Here, w is the albedo defined as the scattering coefficient di-
vided by the extinction coefficient, and I is the Planck function
for emission. Because linearly anisotropic scattering is of popu-
lar interest,>®° the phase function is chosen to be

P(0’.¢".0,¢) =1 + ajfcosf cosf’ + sinf cos¢ sind’ cosg’
+ sinf sing sinf’ sing’] (3)

where q, is a constant.

The integration of Eq. (1) along the physical path gives
I(5,Q2) = I,(s,,82) exp[ — (s — )]
+ J BS(s’,€2) exp[ — (s —s7)] ds’ 4

where I,(s,,Q2) is the given intensity at the boundary. Substitu-
tion of Egs. (3) and (4) into Eq. (2) produces

S(5,82) = (1 — w)[T(5)] + (w/47) [A(s) + a, cosOh,(s)
+ a, sinf cos¢hls) + a, sinf singh,(s) + j(s)
+ a, cosbj,(s) + a, sinf cosdjs) + a, sinf singj,,(s)]
(5)
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where the moments of the intensity contributed by the
boundary are defined as

h(s) = J I, (s;, ) exp[ — B(s — 5] A (6)

h(s) = f cosf'I,(s,€") exp[ — B(s — s,)] dQ’ 7
47

his) = f sinf’ cos¢ I (s, ") exp{ — B(s — s5,)] dQ’ (8)

h,(s) = j sinf’ sing 1, (s,2") exp[ — B(s — ;)] dQ’ )
4n

and the moments of the intensity contributed by the medium
are defined as

Js) = J ) BS(s".Y') exp[ — (s — s7)] ds” dQ’ (10)

T o S;

10 =f cos’ J " BS(s7. ) expl — Bs — 5] ds’ A (11)

JAs) = J sinf’ cos¢p’ r BS(s’, Q) exp[ — B(s —s”)] ds’ dQY’
4r s
(12)

Jm(S) =f sinf’ sing’ r BS(s’, Q) exp [—B(s —s")] ds” dOY
' (13)

Using Viskanta’s'? procedure, the integrals in Eqgs. (6-9) are
transformed into surface integrals, and the integrals in Egs.
(10-13) are transformed into volume integrals. The resultant
equations are

o) =J I,~<r,», —) xp(— Bl — r ) — 1)+l o

. Ir —r] Ir —r)

(14)

Fig. 1 Radiation intensity along a path in a general three-dimensional
geometry.
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h(r) = J < : T::—:l> exp(—Blr —r,)

x[(r—r) K][r — )n]| '|4 (15

hir) = j ,<,ﬁ)exp(—ﬂlr—nl)

Xlr—r) - A[r —ry -] A (16)
|r—r,.|
hor) = f (,lf:—mexp(—ﬁlr—ril)
x [(r=r) 1 - )n]I r,4 (17)
r—v Vv’
j(r)=LlfS<r’,|r—;7>exp(-Blr |)| 7 (18)

, w

0= [ 15(r =) exeC = =) M2

(19)

0= | BS(r' T=5)exp(~plr—r -2
| =1

(20)

and

’

r dv
Jm) = Jﬂs< )exp( Blr— I)[(’—"/)'f]m

2D

where the vector notations are shown in Fig. 1, and »n is the
inward normal at the boundary point r,. If the boundary sur-
face is opaque, the surface integration in Eqs. (14-17) and the
volume integration in Egs. (18-21), respectively, extend over
the boundary and the medium that allow the observation point
to “see” the source point. This result has been noted by
Garelis, Rudy, and Hickman!! and later by Lin.” For a con-
cave medium enclosed by transparent boundaries, the effects of
re-entrant radiation have yet to be accounted for.

Fig. 2 Geometry and coordinate system.
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Equation (5) may be written in terms of vectors as

S<r, I—:—}:—l) = (1 — )IT()]

LN YO Sl ALY P S Gl AL P
4r |r —r| ]r |
10, U0 i+ a SR
r—r| — 7|
va "0 40 O m(r)] 22)
=] =

Substitution of Eq. (22) into Eqs. (18-21) produces four inte-
gral equations for the four unknowns j(r), j.(r), j{r), and j,(r),
which are the functions of position r only.

Integral Equations for Three-Dimensional Rectangular Medium with
Fresnel Boundaries

In this subsection, the image technique® is adapted to derive
the integral equations for the radiative transfer in an anisotrop-
ically scattering medium with Fresnel boundaries where the
radiation intensity is unknown. The system under consider-
ation is shown in Fig. 2. The medium is of a three-dimensional
rectangular geometry whose optical dimensions are 27 X
214 X 1. Here, the optical coordinate system shown in Fig. 2
is defined as t, = Bx, 7, = By, 1, = fz. Assumptions (1-6),
listed in the previous subsection, are followed, except that the
emission is neglected. Collimated radiation intensity 7, is taken
to be normally incident on the top surface of the medium. The
top and bottom surfaces of the medium are assumed to be
optically smooth. Because the relative refractive index of the
medium » may differ from unity, the reflection according to the
Fresnel equation and the refraction according to Snell’s law
have to be taken into account at the top and bottom surfaces.
The reflections produce an infinite number of images in the z
direction, as shown in Fig. 3. When the other surfaces are also
specularly reflecting, more images may be formed. To simplify
the analysis, the lateral surfaces at 1, = £ 1 oand 7, = + 7,4
are assumed to be nonreflecting. The treatment for the radia-
tive transfer in an isotropically scattering medium with three or
more Fresnel boundaries may be found in Ref. 6.

Figure 3 shows that radiant energy may be transferred from
a source point to an observation point directly or by reflection
at mirrorlike surfaces. The transfer by specular reflection may
be treated as the transfer from the images of the source point
to the observation point, as shown in Fig. 3. Equivalently,
these images of the medium may be treated as effective media.
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The radiant energy from these effective media takes the place of
that transferred by reflection at Fresnel boundaries. For conve-
nience, we use integer p to denote the location of image. As
shown in Fig. 3, p is negative if the last reflection happens at the
bottom surface, zero for direct transfer, and positive if the last
reflection happens at the top surface. Then, the source function
in the direction from point (z,,t,,7,) to point (z},7,,7}) in an
image denoted by p can be expressed by

ro ot
Sp(szTyaTzs‘E xsTy’T z)

w

Az,
4n l:h(rxﬂy’rz) + a, —&= h,,(TX,Ty,‘CZ)

Az,

i —7) (t,—1)
T h[(TxaTyJTz) + a; -—ZA’C—y

7 r

+ @ hm(l—xﬂy:rz)

Az,
jn(Tx’T ”CZ)
At, u
(th—1) . Ty, —1)
. vz, a
A‘C Jl(TxaTy T ) + 1 A‘L’

P P

+j(rx=‘cyatz) + a;

+ a .jm(TxaTy’Tz):l (23)

where the optical distance from point f(t,,7,,t,) in realistic
medium to point A(z},7},77) in the image denoted by p is

At, = [t} —1)* + (1) — 1,)* + (A, )72 (24)

and its z component is

Asz = (TZO - Tz) + ZTZO{P} - ( - l)p(fzo - T;)a y4 > 0

’

=T = 1Tp P=0
=[r. +2n{—p} = (=D 77, p<0 (25)

with special symbol

{Py=p/2, P=0,2,4,6, ...
=(p—-D/2, p=1,357, ... (26)

Since the radiation intensity from images takes the place of
the reflected radiation intensity at Fresnel boundaries, the only
given intensity at the boundaries is the collimated incident radi-
ation and its reflections. For the present case, Eqs. (14-17) may
be expressed as

h(rxarwrz) = Ic(rx”[y) (1 - pn)
%Pl (T = 2] + p, expl (10 + )]

1— 2,210

pae

(27)

hn(rxzrystz) = I('(Txa‘[y) (1 - pn)

_exp[ —(TZO - Tz)] + Pn exp[ — (TZO + TZ)] (28)
1—phe2=0

hl (Tx,TJnTz) = 0 (29)

hp (T,57,,7,) =0 (30)

where 1.(t,,t,) is the spatial variation of the incident radiation
and

p. =1 —=n)/(1 +m)]? (31

Here, #, =0 and A,, = 0 because the collimated incident radia-
tion is normal to the top surface.
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Fig. 4 Directional reflectance (top curves) and transmittance (bottom
curves) calculated for various n (w = 0.9, a, = 0.5, 7,y =2.0).

Equations (18-21) for the present case can be expressed as

. 70 (‘Tyo Tx0
.I(‘[X’Tyﬂrz) = Z [pp(Tx"Cya‘Czsr;arjv’T;)] u)l
P JO —Ty0 JTx0

—Az,
X ST ) s bl e de (32)
P
ey =Y | N
Il T iz [pp(rxsty;[za‘cx;ry’rz)]
r JO —Tp0 J—Tx0
—At,
X S (T 50T 5T 0T T,T,) m At), dt dr; dr; (33)
P
T T,,T) =3, - TXO[ RI8) L
JilTxs iz = pp(‘cxvtyatzﬂ:xﬂyatz)]
P JO —Ty0 J —Tx0
—a
X S (T T 5T 2T Ty T )e—rp(‘l: —t)dt,de, dr,  (34)
P xayazax,yaz(Ar)j, x X. x 5% T,
P

720 ("Ty0 Tx0
Jm(rxﬂ'-yarz) = Z [pp(’cxaryatz’r ;,T;,T ;)] |11|
p JO —Ty0 J —Tx0

—Arp

’ ’ ’ e r ’ ’ ’
XS (T Ty T4 T Ty T")(AT,,P(U —7y) dry dry dr; (35)



Substitution of Egs. (23-26) into Egs. (32-35) produces four
integral equations for four unknowns j, j,, j,, and j,, as follows:

20 [*Ty0 Tx0
.](Txaryarz) = Z [Pp(fxa‘fyﬂzs‘f ;77;’7";)] b
P JO —1y0 J = Tx0

A

w 13
’ot pz
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’
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+a = h(1TT)) +a

At

I4
+j(T;,’C:v,T;) + a,
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Ty — Ty

At

4
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At

p
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i4
s

L~

(T 573,72
P

’

pz

A,

4

It
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e*A‘c,,
(e e g du (40)
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Ji (Txaryarz) = Z [pp(‘[xsfysfz’r ;,T;,T ;)] b

r JO
4n
Tx —T;

At

P

+ a,

—Tp0 J —Tx0

@ At
X {_ [h(f;,‘[;,,'[;) + a, = hn(T;’T;sT;)
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Atp, o,
where )+ T T
’ ’ P
A‘Epz = _[(‘CZO - ‘[z) + 2‘C20{p} - ( - l)p(TZO - 1:z)]5 P> 0 T, — T’
+a =i (Tt )T
—t, -1l p=0 1 A'cp Ji( ¥ )
=1, +2,{~p}— (=11, p<0 (36) pa 20wy N oy e de e
Ar, Al (AT 7
Here, the reflectivity is given by the Fresnel equation as (42)
2 in20y1/2 Z tz0 {tyo  [fTxo0 )] lpl
;oo L[ (1—n?sin’0) "% —n cosf | Im(TTyT2) = J J f [0p(T.T),T2,T T3 T
pp(rx’ry’rzatxsryytz) =3 2 2N 12 s g P JO —Ty0 ¥ —Tx0 v g g
2 [ (1—n*sin’0)"*+n cosf Ac’
a) ‘E 74 ’ ’ ’
cosf —n(1—n? sin%0) 12 x = | A(z},7}.77) + ay —Z h(T71),T7)
+ - , 6<40, 4z Az, :
cosf +n(1—n? sin?0) /2 ‘ -, .
T, — T -
TPttt F 4y T by (15T T
-1, 60, (37) +a; Ac, (Tt o At (t%t5T0)
- where T + ) — (T
Az,
0,.=sin"!(1/n 38 =T, .,
( / ) ( ) +a T]I(tx97y’rz)
’CP
and
+a b _T;J' (tht, T/)]} e (t, — 1) dt}, dt), dr;
r 2, r_ 21172 : 17 2 Jdm\lxtyis A3 —ty x z
0 = sin—! {[(rx ©)*+ (1 — 1)’ } (39) At, Y (Ag)> Y
A, (43)

It is worth noting that there are no Fresnel reflections on the
boundaries of a medium with unity refractive index. For such
a medium, the integral terms of Eqs. (40-43) with p % 0 disap-
pear. Comparing the resulting equations with the original
equations [Eqgs. (40—43)], it is readily seen that the integral
terms with p + 0 make the integral equations for a medium
with Fresnel boundaries different from those for a medium
without reflecting boundaries. The type of the integral equa-
tions is not changed, however, by the appearance of Fresnel
reflections at the boundaries.

Computational Examples and Discussion

Radiative transfer in a slab with normal incidence is
governed by the one-dimensional version of Eqs. (40-43) as
follows:

jw) =3 f " 1D + ] ool0r77m)

0

+ Ey(jr. — 72]] de.

2| e 4D ()
+ Ex(fe. — 2] sen(r, — <) de. (44
16 =5 | 6 K Pt
+ Efe. ~<]) sgn(e. ~ 0] de.
+ 22| (e + DN Pl
+ E5(Jr, — ©})} de (45)
) =0 (46
o) =0 47

where

h(rz) = Ic(l - pn){ exp[ _(Tz() - Tz)] +p, exp[ _‘(TZO + Tz)]}

x [1—p7 exp(—2t,0)] (48)
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Fig. 5 Directional reflectance (top curves) and transmittance (bottom
curves) calculated for various @ and a; (n =1.25, 7,5, =2.0).

hn(Tz) = Ic( - pn){ _exp[ - (TZO - 1:z)] +pn exp[ - (rzoc + Tz)] }
[1—p7 exp(—21,0)] (49)

1
qulk(rzo;cz:r ;:n) = j P(ﬂ) { 1— [p(ﬂ)] 2 exp( - 2120/“)} -t
(v

x {(=D?exp[ = (z. +t)/u]
+ (=D exp[ — (27,0 — 7. — 1)/
+ (= 1D’p(w) exp[ = (270 + 7. — 72) /)]

+ (= 1*p(u) expl (21,0 — 7, + ) Wl () * "~ dy

(50)
with

1 =cosf (51
Equations (44-45) are solved by Gaussian quadrature here.

After solving j(z,) and j,(z,), we obtain the source function
from the equation

S(at) = o () + ihy(2) +J(5) + @] (52)
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Fig. 6 Directional reflectance (top curves) and transmittance (bottom
curves) calculated for various 7.4 (w =0.9, n = 1.25, a, =0.5).

Table 1 Hemispherical reflectance of an isotropically scattering slab
with normal ingidence

Hemispherical reflectance

Optical -
thickness, 7, Integral Exact (Ref. 9)
1.0 0.3412 0.3413
2.0 0.5174 0.5175
3.0 0.6223 0.6225
4.0 0.6908 0.6909
5.0 0.7388 0.7387
6.0 0.7741 0.7738
7.0 0.8011 0.8007
8.0 0.8226 0.8218
9.0 0.8400 0.8389
10.0 0.8544 0.8530

Substituting the source function into the formal solutions'? of
radiative intensities at the top and bottom surfaces and multi-
plying the results by {[1 — p(p)]/(I;n»}, we can obtain direc-
tional reflectance and directional transmittance.

Radiative transfer in a slab with a refractive index of unity is
studied first because its exact solutions exist. For this case,
p(1) =0 and F functions in Eqs. (44) and (45) disappear. The
reflectances for various optical thicknesses are shown in Tables
1 and 2 for isotropic scattering and linearly anisotropic scatter-
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ing, respectively. While a 12-point quadrature is used, present
results and exact results® are within 0.2% for all optical thick-
nesses as presented in Table 1, and the range of required CPU
time on CDC CYBER-830 is 0.230-0.995s. Table 2 shows
that the number of quadrature points required to obtain error
within 1.0% on reflectance increases as the optical thickness
increases. Results for 7,,=1.0, 2.0, and 3.0 require approxi-
mately 0.80, 0.96, and 2.6 s execution, respectively, on CDC
CYBER-830. Therefore, this method is economical, provided
that optical thickness is not tco large.

In the second case, we take the effects of the refractive index
into account. A direct effect of the refractive index is Fresnel
reflection at the boundaries. The specular reflection reduces the
intensity of radiation leaving the slab. Thus, the directional
reflectance and transmittance decrease as the refractive index
increases, as shown in Fig. 4. The influence of the albedo and
the anisotropic scattering is shown in Fig. 5. From Fig. 5, we
know that the directional reflectance increases as a, decreases
and that the directional transmittance decreases as @, de-
creases. The effects of anisotropic scattering can be explained
as follows: radiation originating at a point in the medium or at
a boundary is more easily reflected back into the surroundings
when a proportionately smaller forward scattering exists. The
same tendency can be found in Table 2. Because the decrease in
the albedo corresponds to the increase in the absorption of
radiation by the slab, the directional reflectance and transmit-
tance for a slab with @ = 0.1 are less than those for a slab with
o = 0.9. Figure 6 shows the effects of the optical thickness on
the radiation in a slab with @ = 0.9. It is found that the direc-
tional reflectance increases as the optical thickness increases.
However, it is also found that the directional transmittance
does not increase monotonically as the optical thickness
decreases.

Because the main objective of this work is the formulation of
the radiative transfer in a three-dimensional medium with lin-
early anisotropic scattering and Fresnel boundaries, the three-
dimensional formulation has not been solved here. However,
the three-dimensional formulation obtained by this analysis
will still be solvable because the numerical solutions of the
triple integrals appearing in this work already exist for limited
cases.'* The formulation should be solved in future works. The
one-dimensional solutions presented here give us some physical
insight and an initial evaluation of present ideas. Comparing
the results with existing exact solutions shows that this analysis
works quite well.

Table 2 Hemispherical reflectance of a linearly anisotropically
scattering slab with normal incidence

No. of quadrature = Hemispherical reflectance

Optical for integral
thickness, 740 formulation Integral Exact (Ref. 9)

a, =05

1.0 24 0.2912 0.2924

2.0 24 0.4652 0.4654

3.0 36 0.5762 0.5743

4.0 60 0.6499 0.6473

5.0 96 0.7016 0.6997
a, =10

1.0 24 0.2332 0.2355

2.0 24 0.3990 0.4006

3.0 36 0.5149 0.5120

4.0 60 0.5943 0.5901

5.0 96 0.6509 0.6471

J. THERMOPHYSICS

Summary and Conclusions

Integral equations in terms of the moments of the intensity
were developed for the radiative transfer in three-dimensional
anisotropically scattering media. First, we considered the rad-
iative transfer in an arbitrary three-dimensional medium with a
given inward boundary intensity. It is shown that the present
method is easily applied to arbitrary geometries. Next, we con-
sidered the radiative transfer in a three-dimensional rectangu-
lar medium with Fresnel boundaries. To take account of the
effects of Fresnel reflection, the image technique was adapted
for use in the present anisotropically scattering case. Finally,
specific examples are solved by present methods. The results
give us some physical insight and an initial evaluation of pres-
ent ideas. It is found that the number of quadrature points is
increased to obtain accurate results as the optical thickness in-
creases. The solutions for multidimensional geometries should
be performed. Furthermore, the integral equations should also
be developed for the radiative transfer in an anisotropically
scattering medium with a more general phase function and
diffusely reflecting boundaries.
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